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Abstract
We formulate an interacting theory of a vector-spinor field that gauges anti-
commuting spinor charges {Qα
I , Qβ
J} = 0 in arbitrary space-time dimensions. The
field content of the system is (ψµ
αI , χαIJ , Aµ
I), where ψµ
αI is a vector-spinor in
the adjoint representation of an arbitrary gauge group, and Aµ
I is its gauge field,
while χαIJ is an extra spinor with antisymmetric adjoint indices I J. Amazingly, the
consistency of the vector-spinor field equation is maintained, despite its non-trivial
interactions.
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1. Introduction
It has been common wisdom that there exist no consistent non-trivial interactions for spin
3/2 (vector-spinor) field [1][2] other than in supergravity theory with local supersymmetry
[3][4][5][6][7][8]. However, it is not clear, if this statement applies also to the case of nilpotent
anti-commuting spinor charges Qα
I satisfying
{Qα
I , Qβ
J} = 0 , (1.1a)
⌊⌈T I , Qα
J⌋⌉ = f IJKQα
K , (1.1b)
where the T I ’s are the usual antihermitian generators of an arbitrary non-Abelian gauge
group G with the commutator
⌊⌈T I , T J⌋⌉ = f IJKTK , (1.2)
with the adjoint indices I, J, K = 1, 2, ···, dimG. Due to the absence of the r.h.s. of (1.1a), we
call these spinor charges ‘nilpotent supersymmetry’. The gauging of nilpotent spinor charges
is nothing new by itself. A typical example is the gauging [9] of BRST symmetry [10][11].
However, the conventional BRST charges have no additional index, while our spinor charge
in (1.1) carries the spinorial index α as well as the adjoint index I of the non-Abelian
gauge group G.
In this paper, we present for the first time non-trivial consistent interactions for the
vector-spinor field ψµ
αI gauging the nilpotent supersymmetry Qα
I . We will show that our
theory has no problem at the classical level, such as the absence of negative energy ghosts
for the vector spinor with the standard kinetic term at the bilinear order, and the absence of
inconsistent interactions. Our formulation is similar to the non-Abelian tensor formulation in
our recent paper [12], inspired by the generalized dimensional reduction by Scherk-Schwarz
[13], in which we constructed the whole multiplet (Bµν
I , Cµ
IJ , KIJK, Aµ
I) with the consis-
tent field strength for the non-Abelian tensor Bµν
I . In our present formulation, we have
the field content (ψµ
αI , χαIJ , Aµ
I),3) where the vector-spinor ψµ
I carries the adjoint index
I, while the extra spinor χIJ carries antisymmetric indices IJ. We confirm the two main
important ingredients: First, we can define the field strength of ψµ
αI which is invariant un-
der the spinor symmetry Qα
I and covariant under the usual non-Abelian gauge symmetry.
Second, we have the consistency of the ψµ
I -field equation, which is usually very difficult to
accomplish with non-trivial interactions without supergravity [3][4][5]. We carry out these
objectives in arbitrary space-time dimensions.
3) We sometimes omit the spinorial indices α, β, ··· on fermions.
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2. Lagrangian and Transformation Rules
Our field content is (ψµ
αI , χαIJ , Aµ
I), where ψµ
αI is the Majorana spinor with the
vectorial index gauging the spinor charge Qα
I in (1.1). Our space-time dimensions D is
arbitrary throughout this paper with the signature diag. (−,+,+, · · · ,+), in which the
Majorana spinors ψµ
αI and χαIJ can be always defined [14].
Our total action I ≡ I1 + I2 + I3 has the three lagrangians Li (i = 1, 2, 3) defined by
4)
I1 ≡
∫
dDxL1 ≡
∫
dDx
[
+ 1
4
a−10 f
IJK(Lµ
IJγµνρRνρ
K)
]
, (2.1a)
I2 ≡
∫
dDxL2 ≡
∫
dDx
[
+ 1
2
P IJ,KL(χ IJγµLµ
KL)
]
, (2.1b)
I3 ≡
∫
dDxL3 ≡
∫
dDx
[
− 1
4
(Fµν
I)2
]
, (2.1c)
where f IJK is the structure constant of the gauge group ∀G, while the real positive constant
a0 > 0 and the P ’s are defined by
f IJKfJKL ≡ a0 δ
IL , P IJ,KL ≡ δ⌊⌈I|Kδ|J⌋⌉L −QIJ,KL , QIJ,KL ≡ a−10 f
IJMfMKL . (2.2)
Here the P ’s and Q’s are projectors satisfying
P IJ,KL +QIJ,KL = δ⌊⌈I|Kδ|J⌋⌉L , P IJ,KLQKL,MN = 0 , (2.3a)
P IJ,KLPKL,MN = P IJ,MN , QIJ,KLQKL,MN = QIJ,MN . (2.3b)
The R’s and L’s are the field strengths of ψ and χ defined in a peculiar way by
Rµν
I ≡ 2D⌊⌈µψν⌋⌉
I + Fµν
JχIJ , (2.4a)
Lµ
IJ ≡ Dµχ
IJ + f IJKψµ
K , (2.4b)
where the D’s is the standard non-Abelian covariant derivative, e.g., Dµψν
I ≡ ∂µψν
I +
f IJKAµ
Jψν
K , etc. The second term in (2.4a) is understood as a Chern-Simons term, while
the ψ -linear term in (2.4b) is the covariantization of its first term under the nilpotent
supersymmetry as will be seen (2.6) below. The ψ -linear term in the L’s explains how the
lagrangian L1 contains the standard kinetic term for ψµ.
As is clear from (2.3), the P ’s and Q’s are nothing but the projection operators. Namely,
the g(g− 1)/2 -dimensional indices IJ are projected out by P ’s and Q’s respectively into
g(g − 3)/2 and g -dimensional subspaces [12]. It is now clear that the P -projector in
L2 projects out the original g(g− 1)/2 components in χ
IJ into g(g− 3)/2 components.
4) We use always superscripts for I, J, ··· due to the positive definite signature for the compact gauge
group manifold.
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Only those g(g− 3)/2 components have the kinetic energy, while the remaining g compo-
nents are just gauge degrees of freedom, as will be clarified by the nilpotent supersymmetry
(2.6) below.
Relevantly, the field strengths R and L satisfy their Bianchi identities
D⌊⌈µRνρ⌋⌉
I ≡ +F⌊⌈µν
JLρ⌋⌉
IJ . (2.5a)
D⌊⌈µLν⌋⌉
IJ ≡ +1
2
f IJKRµν
K − 3
2
f ⌊⌈IJ |KFµν
LχK|L⌋⌉ . (2.5b)
Note that all the indices I, J, L in the last term are totally antisymmetrized.
Our nilpotent supersymmetry transformation rule is
δǫψµ
I = Dµǫ
I , δǫAµ
I = 0 , (2.6a)
δǫχ
IJ = −f IJKǫK = −QIJ,KLfKLMǫM , (2.6b)
where ǫα I is Majorana spinor parameter for Qα
I . This transformation rule is fixed by
studying the parallel case for bosonic non-Abelian tensor [12]. Relevantly, the field strengths
are invariant:
δǫRµν
I = 0 , δǫLµ
IJ = 0 . (2.7)
From these relations, the projector P leaves the lagrangian L2 invariant under δǫ, because
δǫ(P
IJ,KLχKL) = 0, even though δǫχ
IJ 6= 0. Therefore our actions I1, I2 and I3 are
separately invariant under δǫ. It is also clear that the commutator ⌊⌈δǫ1 , δǫ2⌋⌉ is vanishing
consistently with the r.h.s. of (1.1).
As has been mentioned, the components in χIJ projected out by the Q’s are just gauge
degrees of freedom, and this can be seen in (2.6b). In order to confirm this point more
rigorously, we introduce a new parameter ΛIJ defined by
ΛIJ ≡ +QIJ,KLfKLMǫM = f IJKǫK , (2.8)
so that
ǫI = a−10 f
IJKΛJK , P IJ,KLΛKL ≡ 0 , QIJ,KLΛKL ≡ ΛIJ . (2.9)
In other words, ΛIJ has components only in the direction of the Q -projector. Accordingly,
(2.6a) and (2.6b) are rewritten as the extra δΛ -symmetry of the action:
δΛψµ
I = Dµ
(
a−10 f
IJKΛJK
)
, (2.10a)
δΛχ
IJ = −ΛIJ = −QIJ,KLΛKL . (2.10b)
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Eq. (2.10b) implies explicitly that the components in χIJ projected out by the Q’s are
purely gauge degrees of freedom, while inducing the usual nilpotent supersymmetry (2.10a)
for ψµ
I . Note that the invariance δΛI = 0 is not only for the free kinetic term in L2, but
to all orders of interactions.
This symmetry is very important, because the unphysical Q -direction of the χIJ -field
is gauged away, and it never enters higher-order interactions with physical fields. Since
these unphysical components lack their kinetic terms in L2, if they entered higher-order
interactions with physical fields, their field equations would yield undesirable constraints
upon physical fields. Thanks to the all-order symmetry (2.10), the unphysical components
in χIJ are completely gauged away to all orders, and excluded from interactions with
physical fields.
Our action has also the local non-Abelian gauge symmetry for the gauge group ∀G:
δαAµ
I = Dµα
I , (2.11a)
δαψµ
I = −f IJKαJψµ
K , (2.11b)
δαχ
IJ = −2f ⌊⌈I|KLαKχL|J⌋⌉ . (2.11c)
Accordingly, we have also the relationships
δαRµν
I = −f IJKαJRµν
K , (2.12a)
δαLµ
IJ = −2f ⌊⌈I|KLαKLµ
L|J⌋⌉ . (2.12b)
These are homogeneous local non-Abelian transformations, we have the invariance δαI = 0.
We can also confirm the closures of all the commutators in (1.1) and (1.2).
The field equations for the ψµ, χ and Aµ -fields are
5)
δL
δψµ
I
= + 1
2
γµρσRρσ
I − 1
4
γµρσχIJFρσ
J + 1
4
QIJ,KLγµρσχKLFρσ
J .= 0 , (2.13a)
δL
δχ IJ
= + P IJ,KLγµLµ
KL − 1
4
a−10 f
IJKγµρσLµ
KLFρσ
L
+ 1
4
a−10 f
⌊⌈I|KLγµρσLµ
KLFρσ
|J⌋⌉ .= 0 , (2.13b)
δL
δAµI
= −DνF
µν I − 1
4
QIJ,KL(χKLγµρσRρσ
J) + 1
2
QIJ,KL(ψρ
JγµρσLσ
KL)
− 1
2
a−10 f
JKLDν(χ
ILγµνρLρ
JK)− f IJK(χ JLγµχKL)
+ 1
2
fKLJQJI,MN(χMNγµχKL)
.
= 0 . (2.13c)
5) In this paper we use the symbol
.
= for a field equation. We also use the symbol
?
= for an equation
under question.
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The linear terms of these equations are the kinetic terms of the vector-spinor ψµ
I and the
physical g(g−3)/2 -components of χIJ . In particular, due to the relationship P IJ,KLfKLM =
0, the ψ -linear term in the first term in (2.13b) does not contribute, and therefore at the
linear order there is no mixture of ψ with the χ -field equation. Additionally, as the linear
terms in (2.13a) and (2.13b) show, both ψ and χ are massless.
3. Consistency of Vector-Spinor Field Equation
There are a few remarks on our system: First, we see that the Fχ -term in the definition
of (2.4a) is important for the invariance of R. If this term were not in R, then there
would be a term proportional to Fµν
IJǫJ in δǫRµν
I , spoiling the invariance of R. Second,
this Fχ -term and the ψ -linear term in (2.4b) are the analog of the generalized dimensional
reduction by Scherk-Schwarz [13]. Namely, analogously to the bosonic non-Abelian tensor
formulation in [12], we need the extra spinor field χIJ with extra IJ indices, so that the
numbers of space-time indices and the adjoint indices add up to three for both ψµ
I and
χIJ .
Third, these peculiar forms of field strengths are also related to the consistency of the
ψ -field equation (2.13a). Consider the divergence of the ψ -field equation Dµ(δL/δψµ
I)
?
= 0.
Since the inside of the parentheses vanishes as the ψ -field equation, its divergence should
also vanish. This problem with a vector-spinor has been known to be very difficult to solve
for a long time [15], unless we have local supersymmetry [3][4]. Fortunately, in our system,
we have the δǫ -invariance of the action I, and therefore we have the identity
Dµ
(
δL
δψµI
)
+ f IJK
(
δL
δχJK
)
≡ 0 . (3.1)
Note that this is an identity without any use of field equation, and is nothing but a rewriting
of δǫI = 0. Eq. (3.1) immediately implies that by the use of the χ -field equation, the above
divergence of the ψ -field equation vanishes, as desired. Note that this is closely related to
the Fχ -term or ψ -linear term in the R and L -field strengths, because without these
terms our action is not invariant, and consequently we will fail to get (3.1). We stress that
our system is the first system other than supergravity [3][4][5] that maintains consistent and
non-trivial interactions for a propagating vector spinor.
We can also confirm (3.1) directly using the field equations (2.13). To this end,
the important relationships we need are the Bianchi identities (2.5), and a useful lemma
QIJ,KLfKLM = f IJM .
Even though the invariance δαI = 0 implies also the consistency of the Aµ -field
equation, it is a good verification of our field equations (2.13) to confirm the consistency
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Dµ(δL/δAµ
I)
?
= 0 explicitly. In fact, we can arrange all the terms in Dµ(δL/δAµ
I) into
two groups, one vanishing upon the use of the ψ -field equation (2.13a), and another upon
the χ -field equation (2.13b), in agreement with δαI = 0:
Dµ
(
δL
δAµI
)
≡ −f IJKψµ
J
(
δL
δψµ
K
)
+ 2f I⌊⌈J |Lχ L|K⌋⌉
(
δL
δχ JK
)
. (3.2)
Note that this is an identity, and is not a result of field equations. Since each term here
vanishes upon the ψ and χ -field equations, (3.2) confirms the consistency of our Aµ -field
equation (2.13c).
There is one subtlety in our system to be mentioned. Some readers may wonder, if the
χ -field is just a compensator for the nilpotent supersymmetry Qα
I , and therefore ψµ
I is
not really its gauge field. There are two points to be mentioned to clarify this.
First, the problem of ‘fake’ gauge field arises, when its kinetic term is absent. For example,
if we define an U(1) ‘gauge field’ by Aµ ≡ ∂µϕ with the real scalar compensator ϕ, and
a complex scalar φ carrying the U(1) charge, their infinitesimal transformations are
δαAµ = +∂µα , δαϕ = +α , δαφ = −iαφ , δαφ
∗ = +iαφ∗ . (3.3)
Now with the covariant derivative is Dµφ ≡ ∂µφ− ieAµφ ≡ ∂µφ− ie(∂µϕ)φ, the kinetic term
of φ is
Iφ ≡
∫
dDx [−(Dµφ)
∗(Dµφ)] . (3.4)
Even though the action has the local U(1) invariance δαIφ = 0, the Aµ is a ‘fake’ gauge
field with no kinetic term. Another way to see this is the field-redefinitions
φ˜ ≡ e−ieϕφ =⇒ Dµφ = e
ieϕ∂µφ˜ , (3.5)
so that ϕ is completely absent from the action Iφ. Even if we try to put a formal Aµ -kinetic
term LF 2 ≡ −(Fµν)
2/4, it is identically zero, because Aµ is pure-gauge. However, this
problem of fake gauge field does not arise in our system. In fact, our ψ -kinetic term (2.1b) is
non-trivial and not identically vanishing, because not all the components in the ψ’s are pure-
gauge components, as (2.6) shows. This is the considerable difference from the compensator
system presented in (3.3).
Second, an analogous example exists for the Lorentz connection ωµ
rs. In the conventional
formulation of gravity with local Lorentz symmetry Mrs, we can regard ωµ
rs(e) ≡ (Cµ
rs−
Cµ
sr − Crsµ)/2 as a function of the anholonomy coefficient Cµν
m ≡ ∂µeν
m − ∂νeµ
m. Since
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the antisymmetric part of the vierbein eµm transforms as a ‘compensator’ for the local
Lorentz symmetry, ω(e) has no degree of freedom, and it is a ‘fake’ gauge field.6)
However, our system of nilpotent supersymmetry above has an important difference from
the Lorentz connection ωµ
rs(e), because ψµ
αI as the gauge field for Qα
I has its own kinetic
term. This is analogous to a formulation, in which the contorsion tensor part Kµ
rs ≡
(Tµ
rs − Tµ
sr − T rsµ)/2 in the Lorentz connection
ωµ
rs = ωµ
rs(e) +Kµ
rs , (3.6)
has its own physical degrees of freedom as a ‘propagating torsion’. This is also equivalent to
regarding ωµ
rs as an independent gauge field for the generator Mrs with its proper kinetic
term, such as the curvature tensor squared ≈ Rµνrs(ω)R
µνrs(ω), etc., sometimes known as
Poincare´ gauge theory [16]. The two formulations: the first one for propagating contorsion
K, and the second one for propagating Lorentz connection ω, are equivalent to each other by
the equality (3.6). The first term in (3.6) transforms as a gradient, while K transforms as a
tensor under Mrs. We can reformulate ω in [16] in terms of propagating torsion K instead
of ω itself, by shifting the anholonomy part ω(e) by (3.6). In other words, both sides of
(3.3) have the same degrees of freedom, and we can interpret ω as an independent field
variable. Mimicking this analogy [16], we can perform a field redefinition similar to (3.3)
absorbing the ‘compensator’ χIJ based on (2.10), but we still have the kinetic term for the
leading part of ψ showing non-trivial features for our system.
From these considerations, it is clear that our system is non-trivial for the vector spinor
ψµ
αI with consistent interactions, whether we regard this as a gauge field of the nilpotent
supersymmetry Qα
I , or subtract partial components in the gradient part in terms of the
compensator χ.
4. Concluding Remarks
In this paper, we have presented a new formulation for the vector-spinor gauge field
ψµ
I with non-trivial consistent interactions in ∀D for non-Abelian gauge group ∀G.
Even though there is a similarity between our nilpotent spinor charge Qα
I and the BRST
charges [10][9], the former has spinorial and adjoint indices that the latter lacks. We have also
confirmed the consistency of the ψ -field equation despite non-trivial interactions, both with
the gauge field and the extra spinor χIJ . To our knowledge, our formulation is the only one
other than supergravity [3][4][5], that has consistent interactions for a physical vector-spinor
field in arbitrary space-time dimensions.
6) It is usually called a ‘composite’ gauge field, but such terminology is not the issue here.
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Compared with our recent bosonic non-Abelian tensor formulation [12], there are simi-
larities as well as differences. One of the similarities is that we need both ψµ
I and χIJ in
order to have the invariant field strength Rµν
I . Another similarity is the structure of the
indices, i.e., the total number of spacial and adjoint indices should be maintained. One of
the differences is that the kinetic term of the vector-spinor should have a peculiar structure
of combination of L and R -field strength, where the former carries the bare ψ -term.
Since a fermionic kinetic term has the structure of (Potential)× (Field Strength) instead of
(Field Strength)2, this difference is inevitable. Another difference is that all the fermionic
fields remain massless, contrary to the massive non-Abelian tensor in the bosonic case [12].
Note that there is no upper limit for the number of gravitini in our formulation, because
the dimensionality dimG is not bounded from above. In this sense, our theory is similar to
so-called ‘ℵ0 -extended supersymmetric Chern-Simons theory’ [17] or ‘ℵ0 -hypergravity’ [18]
in 3D, where non-dynamical gravitini carry the adjoint indices of an arbitrary gauge groups.
However, in our present formulation, the gravitini are always physical with propagating
degrees of freedom. Another difference is that our formulation is valid in ∀D, while those in
[17][18] are valid only in 3D. Even though our algebra (1.1a) seems to be too simple to have
solid physical content at first glance, we have seen that it has such intricate structures with
non-trivial interactions with a non-Abelian vector-spinor field in ∀D.
We are grateful to W. Siegel for important discussions. This work is supported in part
by NSF Grant # 0308246.
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